Abstract: This study aims to provide an optimization model for operational efficiency in individual firms with cap-and-trade carbon emissions regulation. In addition, this study assumes that customers' demand takes a probability distribution. Under this circumstance, our intention is to draw theoretical and policy implications for carbon emissions regulation by setting and analyzing newsvendor models in which the decision maker is loss-averse for her risk preference. Then, we formulate two loss-averse newsvendor models where we use a "kinked" piecewise linear and concave utility function. More specifically, we show that our objective functions are concave to derive the existence and uniqueness of the optimal solution. After then, through a comparative static analysis, we conduct a sensitivity analysis of how the model parameters affect the optimal solution. Then, the analytical results can be summarized as follows. First, in a lost-sale model, loss aversion significantly affects the optimal policy of newsvendors' decision-making with cap-and-trade regulations. Second, in a stockout penalty cost model, the inclusion of cap-and-trade regulation terms and shortage penalty costs adds more structural complexity in the optimal solution. Thus, the directions of the impacts are mixed and the impacts on the optimal solutions are not monotone, especially with cap-and-trade terms. All these analytical results show big differences between the existing risk-neutral and our loss-averse models, which are confirmed by numerical experiments.
Introduction
As carbon emissions accelerate global warming, the reduction of carbon emission is imperative. Then, there is a consensus that fatal and irreversible climate change can occur without appropriate global controls. Since the Kyoto Protocol, agreed to in 1997, governments have implemented various regulations to reduce carbon emissions, including tax policies. Here, an important regulatory policy is "cap-and-trade" (CAT) system, which was initiated from the 1970s and then introduced through the Kyoto Protocol (refer to [1] [2] [3] ). It sets up a limit on carbon emission amounts for developed countries at the national level, and again to assign an emission limit for each firm. It is a combination of international market mechanism and regulation, which implies that carbon emission rights can be traded as a commodity. Accordingly, if an individual firm under the CAT exceeds the predetermined carbon emission limit, the excess amount must be purchased from outside suppliers. Otherwise, the firm may sell the remaining amount. As a result, both academia and companies have been making efforts to decrease the carbon footprint against the CAT system. Nonetheless, these efforts have so far focused on the issues of energy efficiency and use of eco-friendly materials from an engineering standpoint, or on the issues of designing international trade mechanisms for carbon emission with an economics perspective. Some examples of the engineering under uncertainty based on their questionnaires from US and Canadian CEOs. As a result, they show that managers' decision-making is a good harmony with loss aversion, as pointed out by [17] .
The purpose of this study is to establish and analyze loss-averse newsvendor models with CAT. Through these newsvendor models, we will analyze how loss aversion affects the optimal solution with CAT. To this end, the authors used a "kinked" piecewise linear and concave utility function to reflect loss aversion in the existing newsvendor models. Then, the key research questions are as follows: (1) How to consider loss aversion in newsvendor models with CAT? (2) How to identify the existence of a unique optimal solution in the corresponding optimization model and analyze the impacts of model parameters on the optimal solution? (3) In particular, what are the joint effects of loss aversion and stockout costs to the optimal solution with CAT? For this, we analyze the newsvendor model to provide implications and insights through analytical results and computational study. With the authors' best knowledge, this paper is the first attempt to consider a newsvendor problem of CAT regulations with any other risk attitude rather than risk neutrality, which is an important contribution to the literature of stochastic modeling with CAT carbon emissions regulation.
The remainder of this paper is organized as follows. Section 2 corresponds to the theoretical background. Then, we review various studies related to operational efficiency and optimization models with carbon emissions regulation. In particular, we examine the well-known newsvendor models and loss aversion in literature for modeling CAT regulation used in this study. In Section 3, we present two research models for this study. After that, in Section 4, we analyze each of the models. Then, we show the existence and uniqueness of the optimal solution in the two models, respectively. We also provide a sensitivity analysis on the effects of parameter changes on the optimal solution through comparative static analysis, respectively. Next, in Section 5, we conduct numerical experiments to reconfirm our analytical results. Finally, in Section 6, we summarize our major results and contributions of the study, and then presents the future directions of the study.
Literature Review

Cap-and-Trade Regulations
In recent time, studies in CAT regulations have been done actively in literature. However, most of the previous studies are related to empirical research or deterministic modeling partially due to analytical tractability. In this section, we focus on the stochastic modeling works with cap-and-trade regulations in literature and examine a few studies as follows.
Ref. [18] established a two-echelon supply chain coordination problem as a probabilistic model. He considered the problem as a Stackelberg game, in which a carbon emission supplier is a leader and a manufacturer is a follower. In addition, he analyzed the cost optimization model of output-investment cost that includes the additional cost function to reduce the production cost of the emission rights, and confirmed the analytical results through numerical analysis. Ref. [19] also considered a two-echelon supply chain that includes one retailer and one manufacturing company. In this case, it is assumed that the manufacturer can influence the final demand through eco-friendly investment decisions. In this case, they analyzed both the centralized and decentralized models separately under the cap-and-trade carbon emission trading system, and conducted the sensitivity analysis for the impact of model parameters on the optimal solution through comparative static analysis. As a result, supply chain coordination is obtained with only revenue sharing contracts. Ref. [20] studies a joint optimization model of pricing and ordering amount to consider the sensitivity of price and carbon emission and the selection of transportation modes with a cap-and-trade policy and uncertain market demand. They discuss how a retailer reaches a joint optimal decision on the transportation model, pricing and ordering quantity with consumer sensitivity to carbon emissions and price. Then they analyze the effect of transportation mode, carbon emissions policy and consumer sensitivity on their optimal solutions. Finally, they confirm all their analytical results with numerical examples. Ref. [21] consider a two-echelon supply chain including one retailer and one manufacturer with a joint information asymmetry and cap-and-trade regulations. In this work, they establish a Stackelberg game where the retailer is a leader with demand uncertainty and the manufacturer is a follower with hidden private information in carbon emission. They obtain a supply chain coordination contract to improve supply chain performance in which the manufacturer disclose the hidden carbon information. Ref. [22] analyzes the impacts of carbon emission allocation schemes in a cap-and-trade system. Using a newsvendor-based and non-cooperative Stackelberg game approach, they develop a few new schemes how to allocate the total amount of carbon emissions to individual firms. In results, they show that the allocation schemes reduce total carbon emissions as an individual objective in each firm is matched well with the total objective.
As we have seen from above, the stochastic models with CAT regulations studied in the literature mainly focus on the issues of supply chain coordination through the analysis of the optimal behavior of risk-neutral participants in the supply chain. On the other hand, this study shows a big difference in that it deals with the optimal policy of supply chain participants who show loss aversion in their risk preferences.
Newsvendor Models with Loss Aversion
As loss aversion is intuitively appealing and supported in literature (e.g., [23] ), a number of papers considering loss aversion in newsvendor problems have been studied in literature as follows. Ref. [17] considers loss-averse newsvendor problems. Then, they analyze the optimal condition of their problem and derive the existence and uniqueness of the optimal solution. They also conduct a comparative static analysis for the impact of model parameters including loss aversion coefficient on the optimal solution. Ref. [24] extends his previous work, Ref. [17] , to a game setting where a risk-neutral supplier is selling to multiple homogeneous and competing loss-averse newsvendors when the supplier allocates demand among the newsvendors proportional to their ordering amount. He finds a unique Nash equilibrium in his newsvendor game. In addition, he also shows that both the effects of loss aversion, causing understocking, and demand stealing, causing overstocking, co-exist together in his loss-averse newsvendor model while the counterpart with risk-neutral newsvendors only has a demand stealing effect. Then, these two effects interplay each other and under (or over) a threshold level of loss aversion, one effect dominates the other effect, and vice versa. Ref. [25] studies a loss-averse newsvendor involving two purchase opportunities with demand forecast update. Because of the existence of long lead time, the retailer makes an initial order at period 1 based on a preliminary demand forecast. After some time, market uncertainty is partially resolved. Then, the newsvendor has a second chance in period 2 to make an additional order or cancel all or part of its initial order. Then, they derive a modified base-stock optimal policy at period 2 and obtain some analytical results of the optimal policy at period 1. Ref. [26] considers a newsvendor game where two substitutable products are sold by two heterogenous loss-averse newsvendors. First, they show that there exists a unique Nash equilibrium under certain conditions. Second, with an assumption of symmetric competition, they also show that loss aversion coefficient and (fixed) substitution rate jointly affect the optimal solution analytically and numerically. However, none of the previous studies jointly consider loss aversion and CAT regulations in literature.
Problem Formulation
Let us consider a loss-averse newsvendor with the CAT emission regulation. Initially, the newsvendor orders x units of products at a purchasing cost c and then resells them at an increased price p. For a CAT problem setting, let us denote a as the base carbon emission amount with zero production quantity and b as the additional carbon emission amount per unit product. In addition, we also denote K and β as the initial permissible carbon emission cap and unit trading value with carbon emission cap. That is, when the newsvendor determines to produce x amount, which is a decision variable of the model, the total initial emission amount is equal to a + bx. If a + bx > K, the total emission amount exceeds the initial permissible emission cap and then the newsvendor needs to buy the extra emission (a + bx − K) from emission suppliers with the unit trading value β. On the contrary, if a + bx ≤ K, the newsvendor may sell the remaining amount (K − a − bx) to emission buyers with the same unit value β.
For the balance of the newsvendor's demand and supply in our model, we assume that demand D is only known as a nonnegative probability distribution where its cumulative distribution function, F D (·), and probability density function, f D (·). Due to this intrinsic randomness in the model, a rational decision maker may face a mismatch between the predetermined ordering quantity and post-realized demand. If realized demand is smaller than the ordering amount, the leftovers x − D are disposed at the unit cost c h . Here, the sign of c h may either positive or negative. When it is negative, it implies a positive salvage value with the same absolute value. On the other hand, if the demand is larger than the ordering amount, it means that stockout has occurred for the difference, D − x. Then, we consider each of two cases separately in the following Section 4 at which we provide two models of how to deal with stockout items, a lost-sale model and stockout penalty model. First, in a lost-sale model, it is assumed that we just lose a sales opportunity for the excess demand D − x. Second, in a stockout penalty model, the unit shortage penalty cost s is incurred for the excess demand due to the reasons such as the costs of emergency delivery option or backordering and loss of goodwill and so on. Finally, in order to formulate the model meaningfully, we need to have the conditions (1) a ≥ 0, b ≥ 0 and K ≥ 0; (2) −c h < c < c + βb < p to prevent trivial solutions with CAT regulations and classic newsvendor models, respectively.
Then, the newsvendor has a payoff function Π as follows:
where (·) + = max(0, ·). In Equation (1), the first term means the revenue of the newsvendor.
As the initial inventory is simply assumed to be zero, the newsvendor's on-hand inventory is x. Then, the newsvendor can sell no more than his on-hand inventory even if the realized demand is larger than his on-hand inventory. Then, the second term is the cost of purchasing x units for his product. Next, the third and fourth terms mean disposal costs and stockout penalty costs, respectively. In the last, the fifth term is the trading value with carbon emission cap to reflect the CAT system. In the last, nonnegative production level is assumed with x ≥ 0. Then, for modeling the loss aversion of the newsvendor, we introduce a following utility function U(·) in our newsvendor problem with CAT, which is also consistent with [11, 17] , as follows:
where λ ≥ 1 is a (fixed) loss aversion coefficient. That is, an optimization model for loss-averse decision maker can be considered as a special case of the expected-utility optimization problem where the utility function is piecewise linear and concave, and also has a kinked point at a threshold (i.e., zero in our model) utility level. Finally, our objective function for a loss-averse newsvendor is to maximize the expected utility of profit, instead of the expected profit in a risk-neutral newsvendor problem, which is given as follows: max
Thus, in a mathematical perspective, our objective given in Equation (3) is an unconstrained stochastic optimization model only except a nonnegativity condition for production amount, x ≥ 0 . Here, bigger λ means that the newsvendor is more loss-averse. If λ = 1 as the lowest possible value of a loss aversion coefficient, then the utility function reduces to a linear function and the kinked point does not exist. Thus, when λ = 1, it is equivalent to a risk-neutral newsvendor with CAT emissions regulation, which was studied at [27] . From that sense, this work is a direct extension of [27] when the newsvendor is loss-averse.
In the last, for clarification of our problem, let us categorize the model parameters into three types. The fist type is λ, a loss aversion coefficient. The second type includes s, p, c and c h , which are in the first four terms in Equation (1) to specify the basic newsvendor problem. The third type covers a, b, K and β, which are in the fifth term in Equation (1) to represent the CAT system. From now on, let us denote the second and third types of the model parameters as newsvendor and CAT parameters.
Analytical Results
Now, we begin our analysis with the risk-neutral models studied at [27] . These risk-neutral models lay a theoretical foundation for our loss-averse models as the preliminary results. andx RN denote the loss-averse optimal solution with λ and risk-neutral optimal solution.
Proof. When λ = 1, the newsvendor problem corresponds to a risk-neutral case with CAT emissions regulation, which is equivalent to Model 2 in [27] .
In Lemma 1, the proof idea is that the second-order derivatives of E[Π(x, D)] is nonpositive, which is a sufficient condition for concavity of the model. Proof. The proof for Lemma 2 is based on supermodularity and implicit function theorem. For its detailed proof, please refer to [27] .
In summary, the inclusion of CAT regulation terms and shortage penalty costs does not lead to structural changes of the optimal solution when the newsvendors are risk-neutral. That is, when we add CAT terms with the CAT parameters, they do not affect the impacts of the newsvendor parameters (i.e., s, c, p, c h ) by themselves in risk-neutral newsvendor models. However, in loss-averse newsvendor models, the impacts of newsvendor and CAT parameters on the optimal solution jointly affect the optimal solution more dynamically, especially with shortage costs, which we will see as follows.
Model 1: Loss-Averse Newsvendor Model with No Shortage Costs
Now, let us resume our analysis with the loss-averse newsvendor models with these preliminary results. Then, we will show how the the results of risk-neutral and loss-averse newsvendors models can be different each other. The first step is to analyze concavity of the newsvendor's expected utility with loss aversion.
is concave for all x and there exists a unique optimal order quantityx LA (λ).
Proof. In model 1, the value of s is fixed as zero. Then, the profit function in Equation (1) can be re-described as follows:
Then, by mapping the newsvenror's profit function at Equation (4) into his utility function at Equation (2), the expected utility function for the loss-averse newsvendor can be expressed as follows:
Then, by Leibniz's integral rule, we take the first derivative of E[U(Π(x, D))] with respect to x as follows:
Next, we similarly take the second derivative of E[U(Π(x, D))] with respect to x and the sign of the second derivative is shown to be nonpositive as follows: Next, we will conduct a sensitivity analysis of model parameters on the optimal solution x LA through comparative static analysis. The main idea of the proof is implicit function theorem in literature.
Proposition 2. For a loss-averse newsvendor with cap-and-trade emissions regulation,x LA (λ) is a decreasing function of λ. In addition, higher value of p leads increasedx LA . In comparison, higher values of c and c h decreasex LA . For the CAT parameters, the value of K increasesx LA . However, the values of a and b decreasê x LA . Finally, the impact of β is indeterminate.
Proof. First, for the impact of the loss-averse coefficient on the optimal solution dx dλ , we use implicit function theorem and then
As
< 0 from Proposition 1, we need to show that
By taking the derivative of Equation (6) with respect to λ, we can obtain the mixed second derivative of the expected utility as follows:
Next, for the impact of p, we need to show that Equation (6) is nondecreasing in p. Since the first term of the right-hand side
in Equation (6) is nondecreasing in p from Lemma 2, it is sufficient to prove that the second term of the right-hand side (6) is nondecreasing in p, which can be easily proved because F D (·) is a nondecreasing function and D 1 (x) is nonincreasing in p. Then, for the impacts of c and c h , the proofs are similar to that of the impact of c.
For the CAT parameters, first let us consider a, b and K. Then,
is not a function of a, b and K from Lemma 2. Again in this case, we only need to show that −(λ − 1)(c + c h + βb)F D (D 1 (x) ) is a nonincreasing function of a and b and nondecreasing function of K. Then, it can be shown straightforward from the definition of
. In the last, for β, the impact of β in D 1 (x) may change depending on the value of x. Thus, we cannot derive a monotone direction for the impact of β on the optimal solution.
Model 2: Loss-Averse Newsvendor Model with Shortage Costs
Next, we consider a loss-averse newsvendor model with a stockout penalty cost. Thus, our definition for the profit function returns to Equation (1) . Then, we analyze a stockout penalty model in a similar way that was done with the lost-sale model.
Proposition 3.
When λ > 1 with a stockout penalty cost, E[U(Π(x, D))] is concave for all x and there exists a unique optimal order quantityx LA (λ).
Proof. Our profit function in Equation (1) can be re-represented as follows:
Then,
Then, we take the first derivative of E[U(Π(x, D))] with respect to x as follows:
Thus,
where
. Similarly, we take the second derivative of E[U(Π(x, D))] with respect to x and the sign of the second derivative is shown to be nonpositive as follows: 
Proof. Similar to Proposition 2, it is sufficient to analyze
for the impact of λ on the optimal solution. In fact,
is nonincreasing (or nondecreasing) in λ.
Next, for the impact of s, we need to show that
is not a function of s. Then, from the definition of
is not a function of c h . Thus, following from Proposition 2, the introduction of shortage costs does not affect the impact of c h on the optimal solution, regardless of without or with shortage costs. On the other hand, the impacts of p and c in D 3 (x) may differ from the values of x. Thus, the impacts of p and c on the optimal solution are not given monotonously.
For the CAT parameters of a, b, K, β, the impacts of the parameters are not monotone due to the complexity of the problem in D 3 (x) by the introduction of shortage costs.
As a summary of the analytical results in this section, we discuss the results from each model in Sections 4.1 and 4.2 separately as follows. When there is no shortage costs, our sensitivity analysis at Proposition 2 shows that the impacts of newsvendor parameters on the optimal solution is the same as in those on the optimal solution regardless of risk preferences, risk neutrality and loss aversion. On the other hand, the impacts of CAT parameters on the optimal solution changes in a loss-averse newsvendor problem, compared with a corresponding risk-neutral problem. It implies that loss aversion significantly affects the optimal policy of newsvendors' decision-making with CAT regulations.
Next, when we additionally include shortage penalty costs in a loss-averse newsvendor problem with CAT consideration, it increases the structural complexity of the model. That is, for most of the model parameters, the directions of the impacts are mixed and the impacts on the optimal solution are not monotone, especially with CAT terms. Thus, it shows big differences in the analytical results between the existing risk-neutral and loss-averse models.
In the last, please note that our analytical results allow any arbitrary probability distributions for random demand, so the demand distribution is not limited to a specific distribution. These general results add to the applicability and value of the model as do in the risk-neutral models.
Numerical Experiments
In this section, we conduct our numerical experiments to reconfirm our key analytical results and to develop insights in our study. For all the numerical examples considered, we apply Monte Carlo simulation for the original analytical problem. In all examples, the sample size is given as 1000.
The base values of the model parameters and random variable given are follows: (1) for newsvendor parameters, p = 2000, c h = 100, c = 400, s = 1000; (2) for CAT parameters, a = 700, b = 40, K = 1400, β = 20 and (3) for random demand, D takes a normal distribution with mean and variance (50, 10 2 = 100).
In Figure 1 , we redefine λ LA = λ − 1 as the degree of loss aversion. Then, we add λ LA = 50 and five values of unit shortage costs, s = 0, 2000, 4000, 6000, 8000, to see the impact of shortage costs numerically. The results show that increased shortage costs lead to higher optimal solution, which is to confirm the analytical result proved in Proposition 4. It is intuitive that loss-averse newsvendor with CAT system faces more risk for potential loss with higher shortage costs, leading to lower optimal solution. Figures 2 and 3 imply that the direction of the impact of the degree of loss aversion with a CAT system may change in different values of D 3 (x). As D 3 (x) is a nonincreasing function of s, a sufficiently high s may cause a negative D 3 (x), leading to the positive impact of loss aversion on the optimal solution. Then, in order to verify this, we use two values of s = 1000, 10000 to represent the cases with low shortage costs and high shortage costs, respectively. Then, we also use five values of λ LA = 20, 40, 60, 80, 100 to see the impact of loss aversion numerically. As a result, the impact of loss aversion with a CAT system has a negative slope when unit shortage cost is low in Figure 2 . On the other hand, the sign of the slope changes to be positive when unit shortage cost is sufficiently high in Figure 3 . In conclusion, the impacts of shortage costs and loss aversion with CAT system jointly affect the optimal solution, which is also consistent with the results in SCM (Supply Chain Management) literature (refer to [17] ). 
Conclusions
We apply a newsvendor analysis for loss-averse inventory managers with a CAT emissions regulation. We use a simple "kinked" piecewise linear and concave utility function to reflect loss aversion to study the newsvendor models. Then, we analyze the two models in a lost-sale and stockout penalty costs models. More specifically, we show that our objective functions are concave to derive the existence and uniqueness of the optimal solution. After then, through a comparative static analysis, we conduct a sensitivity analysis of how the model (newsvendor and CAT) parameters affect the optimal solution. As a result, the analytical results we obtain from the two models are very different. In conclusion, with loss-averse newsvendor models, the inclusion of CAT regulation terms and shortage penalty costs adds more structural complexity in the optimal solution. However, it is not with risk-neutral solutions in literature.
For future direction of the study, the following topics can be considered. First, this study considers a stochastic demand model with an individual firm. Similarly done in literature of risk-neutral newsvendor models, it can be extended in the scope of SCM studies. Then, it is possible to study the issues of SCM coordination by the contract among SCM agents in centralized and decentralized models, accordingly. Second, when the greening efforts and investment are included in the model as an additional decision variable, the results of the model can be enriched by considering the cost factors such as the increase in demand and the cost factors such as the investment cost.
